Two-layered micropolar fluid flow through stenosed artery: Effect of peripheral layer thickness  by Ikbal, Md.A. et al.
Computers and Mathematics with Applications 58 (2009) 1328–1339
Contents lists available at ScienceDirect
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
Two-layered micropolar fluid flow through stenosed artery: Effect of
peripheral layer thickness
Md.A. Ikbal, S. Chakravarty, P.K. Mandal ∗
Department of Mathematics, Visva-Bharati, Santiniketan-731235, W.B., India
a r t i c l e i n f o
Article history:
Received 22 July 2008
Received in revised form 28 June 2009
Accepted 1 July 2009
Keywords:
Micropolar fluid
Stenosis
Two layered
Moving wall
a b s t r a c t
An unsteady analysis of a two-layered blood flow through a flexible artery under stenotic
conditions has been carried out in the present studywhere the flowing blood is represented
by the two-fluid model, consisting of a core region of suspension of all erythrocytes
assumed to be Eringen’s micropolar fluid and a plasma layer free from cells of any kind
as a Newtonian fluid. The artery has been treated as an elastic (moving wall) cylindrical
tube. The equations governing the unsteady flow mechanism subject to pulsatile pressure
gradient, has been solved numerically using finite difference scheme by exploiting the
appropriate physically realistic prescribed conditions. An extensive quantitative analysis
has been performed through numerical computations in order to estimate the effect of
different micropolar fluid parameters and the Reynolds number on the flow velocity, the
flux, the resistive impedance and the wall shear stress together with their dependencies
with time, the input pressure gradient and the severity of the stenosis. The graphical
representations of these results do illustrate the flow characteristics of blood under
stenotic conditions with proper scientific reasoning and hence validate the applicability
of the model under consideration. Special emphasis has duly been made to compare the
present theoretical results with the existing ones including experimental results and good
agreement between them has been achieved both qualitatively and quantitatively.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Atherosclerosis has been the leading cause of death of human beings for the last few decades inmany countries. Vascular
fluid dynamics play an important role in the development and progression of arterial stenosis, which is one of the most
widespread diseases in human beings leading to the malfunction of the cardiovascular system. The normal circulation of
blood gets disrupted to an extent depending upon the severity of the stenosis. Under normal physiological conditions the
transport of blood in the human circulatory systemdepends entirely on the pumping action of the heart producing a pulsatile
pressure gradient throughout the arterial system. Understanding of stenotic flow phenomenon has progressed from the
initiation of quite a good number of theoretical, computational and experimental efforts of which steady flow through an
axisymmetric stenosis has been investigated extensively by Smith [1] using an analytical approach indicating that the flow
patterns strongly depend on the geometry of the stenosis and upstream Reynolds number. Deshpande et al. [2] considered
the steady flow through an axisymmetric stenosis using a finite difference technique. Similar problems were subsequently
investigated by many other researchers [3–7].
In all the studies mentioned above, the flowing blood is assumed to be Newtonian. The assumption of Newtonian
behaviour of blood is acceptable for high shear rate flow, that is, in the case of flow through larger arteries. It has been pointed
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Fig. 1. Geometry of the arterial stenosis with peripheral layer.
out that under diseased conditions, blood exhibits remarkable non-Newtonian properties and existence of a peripheral layer
has been observed for the flow through tubes of small diameter [8–14]. This non-Newtonian behaviour is attributed to the
particulate nature of blood. Thus attempts have been made to rheologically describe blood as a suspension of neutrally
buoyant deformable particles in viscous fluid using the microcontinuum approach.
Eringen [15,16] developed the theory of microfluids which exhibit microscopic effects arising from the local structure
and micro-motions of the fluid elements. Such fluids support stress and body moments including the rotary inertia. There
is a subclass of microfluids namely the micropolar fluids which support couple stress, body couples, microrotational effects
and microrotational inertia as well. The micropolar fluid, e.g. liquid crystals, suspensions and animal blood etc., consists
of randomly oriented bar-like elements or dumbbell molecules and each volume elements has microrotation about its
centroid, described in an average sense by the skew-symmetric gyration tensor. Froma continuumpoint of view, the classical
Navier–Stokes equations are incapable to explain the theory of micropolar fluid as they contain no proper mechanism to
account for the cellular microrotaions.
Ariman et al. [17] studied on fluid withmicrostructure phenomena of steady and pulsatile flow of blood in a circular rigid
arteriole. The exact solutions for velocity and cell rotational velocity were obtained. Devanathan and Parvathamma [18]
investigated by means of a mathematical model for the steady non-Newtonian flow through stenotic region and their
results indicated that the general shape and size of the stenosis together with rheological properties of blood are equally
important in understanding the flow characteristics and the presence of flow separations. In 1985, Akay and Kaye [10]
studied extensively a numerical solution of a non-steady stratified two-phase flow of micropolar fluids in small diameter
capillaries by using two different spin boundary conditions and also compared the predictions of particle spin conditions.
Philip and Chandra [13] also observed a steady two-layered blood flow through stenosed vessel considering the localized
effects of the stenosis. Recently, Bhargava et al. [19] have made a sincere effort to study a fully developed mixed convection
flow of a micropolar fluid with heat sources in a vertical circular pipe and discussed the effects of the sensitivity of various
parameters like the micropolar parameters, heat source parameter, surface parameter and dissipation parameter on the
velocity, microrotation and temperature functions. Since our attention is centered only to the flow characteristics of two-
layered micropolar fluid past a stenosed artery and not on the existence of solutions of such problems, but we may be
comforted to know that several studies have been made on the existence of solutions [20–22] which bear the foundation
that such an attempt may not be fruitless.
In this study, a two-layered model is considered for blood flow in stenosed flexible artery under a pulsatile pressure
gradient. The model consists of a central layer of micropolar fluid in the core region and a peripheral layer of Newtonian
fluid (plasma) near the wall of the tube. The unsteady governing equations have been solved numerically by using finite
difference scheme and the numerical results are duly compared with the available experimental results of Bugliarello and
Sevilla [8] for 40% RBC containing blood and with the analytical results of Akay and Kaye [10] and Kang and Eringen [23]
as well. The comparison of the present results with those of the existing ones appears to have agreed well and hence the
applicability of the model under study can be established.
2. Formulation of the problem
The finite segment of the stenosed artery under study is modeled as a thin elastic cylindrical tube containing a two-
layered fluid in which the core layer is characterised by the micropolar fluid, while the peripheral layer of plasma is treated
as a Newtonian fluid. Let (r, θ, z) be the coordinates of amaterial point in the cylindrical polar coordinates systemwhere the
z-axis is taken along the axis of the arterywhile r , θ are taken along the radial and the circumferential directions respectively.
The geometry of the time-dependent stenosis (cf. Fig. 1) is described mathematically in dimensionless form as
(R, R1)(z, t) =
(1, α)−
(τm, δm)
2R0
{
1+ cos 2pi
L0
(
z − d− L0
2
)}
.a1(t), d ≤ z ≤ d+ 2z0
(1, α). a1(t), otherwise,
(1)
where R(z, t) is the radius of the arterial segment in the constricted region, R0, the constant radius of the normal artery
outside the stenotic region, L0, the length of the stenosis, d, the upstream length of the artery and (τm, δm) are themaximum
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height of the stenosis and bulging of interface respectively appearing at z = d+ L02 where δm = ατm,α, being the geometrical
parameter. Here R1(z, t) is chosen to be the radius of the central core layer and the thickness of the peripheral plasma layer
is (R − R1) as shown in Fig. 1. The arterial segment under consideration is taken to be of finite length L. The time variant
parameter a1(t) is given by a1(t) = 1+kr cos(ωt−φ)where kr represents the amplitude parameter and φ the phase angle.
Let us consider the stenotic blood flow in the artery to be nonlinear, unsteady, axisymmetric, two-dimensional and fully
developed where the core fluid is described by a micropolar fluid [15,16] for which the governing equations for the
axisymmetric flow using cylindrical coordinates system (r, θ, z)may be written in non-dimensional form as
∂u1
∂t
+ v1 ∂u1
∂r
+ u1 ∂u1
∂z
= −∂p
∂z
+ 1
Re
(
∂2u1
∂r2
+ 1
r
∂u1
∂r
+ ∂
2u1
∂z2
)
+ m
Re
(
∂w
∂r
+ w
r
)
, (2)
∂v1
∂t
+ v1 ∂v1
∂r
+ u1 ∂v1
∂z
= −∂p
∂r
+ 1
Re
(
∂2v1
∂r2
+ 1
r
∂v1
∂r
+ ∂
2v1
∂z2
− v1
r2
)
+ m
Re
∂w
∂z
, (3)
JM
1−m
(
∂w
∂t
+ v1 ∂w
∂r
+ u1 ∂w
∂z
)
= −2N
Re
w + N
Re
(
∂v1
∂z
− ∂u1
∂r
)
+ 1
Re
(
∂2w
∂r2
+ 1
r
∂w
∂r
+ ∂
2w
∂z2
− w
r2
)
, (4)
and the momentum equations for the Newtonian fluid (plasma) flow in non-dimensional form as
∂u2
∂t
+ v2 ∂u2
∂r
+ u2 ∂u2
∂z
= −∂p
∂z
+ 1
Re
(
∂2u2
∂r2
+ 1
r
∂u2
∂r
+ ∂
2u2
∂z2
)
, (5)
∂v2
∂t
+ v2 ∂v2
∂r
+ u2 ∂v2
∂z
= −∂p
∂r
+ 1
Re
(
∂2v2
∂r2
+ 1
r
∂v2
∂r
+ ∂
2v2
∂z2
− v2
r2
)
, (6)
together with the equation of continuity as
∂ui
∂z
+ ∂vi
∂r
+ vi
r
= 0. (i = 1, 2). (7)
The non-dimensional parameters are
ui = u
∗
i
U
, vi = v
∗
i
U
, w = R0w
∗
U
, r = r
∗
R0
, z = z
∗
R0
, t = t
∗U
R0
, J = J
∗
R20
, p = p
∗
ρiU2
where ‘*’ denotes the dimensionalised quantities. ui, vi (i = 1, 2) and w are the axial, radial and microrotational
dimensionless velocity components respectively, p is the pressure, ρi (i = 1, 2) are the densities of the micropolar and
Newtonian fluids respectively, J is the micro-inertia constant. In the above equations, the non-dimensional parameters of
the problem are
Re = ρ1UR0
µ1 + κ , N =
κR20
ν
, M = µ1R
2
0
ν
, m = κ
µ1 + κ
where κ is the rotational viscosity, ν is the material constant andµ1 is the viscosity of the micropolar fluid. Since the lumen
radius, R, is sufficiently smaller than the wavelength λ of the pressure wave i.e. R
λ
 1, Eqs. (3) and (6) simply reduce to
∂p
∂r = 0 and thus can be omitted [24]. It is then reasonable and convenient to assume that the pressure is independent of
the radial coordinate and eventually the pressure gradient appearing in (2) and (5) whose form has been taken for human
beings as [25]
− ∂p
∂z
= A0 + A1 cosωt, (8)
where A0 is the constant amplitude of the pressure gradient, A1 is the amplitude of the pulsatile component giving rise to
systolic and diastolic pressures; ω = 2pi fp, fp being the pulse frequency.
3. Boundary conditions
In the central core region, there is no radial and microrotational flow along the axis and the axial velocity gradient of the
core flow along the axis may be assumed to be equal to zero. These can be stated mathematically as
v1(r, z, t) = 0,
w(r, z, t) = 0, on r = 0
∂u1(r, z, t)
∂r
= 0.
(9)
Md.A. Ikbal et al. / Computers and Mathematics with Applications 58 (2009) 1328–1339 1331
At the interface between the central core and the peripheral plasma layer of the fluidmedia, the axial and the radial velocities
together with the stresses are assumed to be continuous, which may be written as{u1(r, z, t) = u2(r, z, t)
v1(r, z, t) = v2(r, z, t) on r = R1
(τrz)1 = (τrz)2.
(10)
Also
w = −λ∂u1
∂r
on r = R1, 0 < λ < 1 (11)
i.e. themicrorotation is equal to the fluid vorticity at the interface, that means the effect of microstructure is negligible since
the suspended particles cannot get closer to the interface than their radius. Hence in the neighborhood of the boundary, the
only rotation is due to the fluid shear and therefore, the gyration vector must be equal to the fluid vorticity.
The boundary conditions on the arterial wall are taken as{
u2(r, z, t) = 0
v2(r, z, t) = ∂R
∂t
on r = R. (12)
Initially the axial velocity profile for the Newtonian case is assumed to be parabolic, i.e.
u2(r, z, 0) = 2u¯2
[
1−
( r
R
)2]
(13)
whereas for the micropolar fluid [16] the profile is
u1(r, z, 0) = 2u¯1
[
1−
( r
R
)2
+ 4γ
β2
I0(β)
{
I0(
βr
R )
I0(β)
− 1
}]
(14)
where γ = mβ4I1(β) , β2 = N(2 − m) and u¯1, u¯2 are the mean axial velocities in the respective core and the non-core regions
at the given cross-section. I0 and I1 are the modified Bessel functions of zeroth and first order of first kind respectively
and vi(r, z, 0) = 0 = w(r, z, 0) (i = 1, 2). (15)
4. Method of solution
Let us consider a radial coordinate transformation, given by ξ = rR(z,t) which has the effect of immobilizing the vessel
wall in the transformed coordinate ξ . Using this transformation, Eqs. (2), (4), (6) and (7) representing blood flow and the
prescribed conditions (9)–(15) take the following form
∂u1
∂t
= −∂p
∂z
+ 1
R
[
ξ
(
∂R
∂z
u1 + ∂R
∂t
)
− v1
]
∂u1
∂ξ
− u1 ∂u1
∂z
+ 1
Re
[
1
R2
{
1+
(
ξ
∂R
∂z
)2}∂2u1
∂ξ 2
+ 1
ξR2
{
1+ 2
(
ξ
∂R
∂z
)2
− ξ 2R∂
2R
∂z2
}
∂u1
∂ξ
+ ∂
2u1
∂z2
]
+ m
Re
(
1
R
∂w
∂ξ
+ w
ξR
)
, (16)
∂w
∂t
= 1
R
[
ξ
(
u1
∂R
∂z
+ ∂R
∂t
)
− v1
]
∂w
∂ξ
− u1 ∂w
∂z
+ 1−m
MReJ
[
N
(
−2w + ∂v1
∂z
− ξ
R
∂R
∂z
∂v1
∂ξ
− 1
R
∂u1
∂ξ
)
+
{
1
R2
(
1+
(
ξ
∂R
∂z
)2)∂2w
∂ξ 2
+ 1
ξR2
{
1+ 2
(
ξ
∂R
∂z
)2
− ξ 2R∂
2R
∂z2
}
∂w
∂ξ
+ ∂
2w
∂z2
− w
ξ 2R2
}]
, (17)
∂u2
∂t
= −∂p
∂z
+ 1
R
[
ξ
(
∂R
∂z
u2 + ∂R
∂t
)
− v2
]
∂u2
∂ξ
− u2 ∂u2
∂z
+ 1
Re
[
1
R2
{
1+
(
ξ
∂R
∂z
)2}∂2u2
∂ξ 2
+ 1
ξR2
{
1+ 2
(
ξ
∂R
∂z
)2
− ξ 2R∂
2R
∂z2
}
∂u2
∂ξ
+ ∂
2u2
∂z2
]
, (18)
1
R
∂vi
∂ξ
+ vi
ξR
+ ∂ui
∂z
− ξ
R
∂R
∂z
∂ui
∂ξ
= 0, i = 1, 2, (19)
v1(ξ , z, t) = 0,
w(ξ, z, t) = 0, on ξ = 0,
∂u1(ξ , z, t)
∂ξ
= 0,
(20)
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u1(ξ , z, t) = u2(ξ , z, t)
v1(ξ , z, t) = v2(ξ , z, t) on ξ = α,(
τξz
)
1 =
(
τξz
)
2
(21)
w(ξ, z, t) = −λ
R
∂u1
∂ξ
on ξ = α, (22)
u2(ξ , z, t) = 0, v2(ξ , z, t) = ∂R
∂t
on ξ = 1, (23)
u2(ξ , z, 0) = 2u¯2(1− ξ 2) for Newtonian fluid, (24)
u1(ξ , z, 0) = 2u¯1
[
1− ξ 2 + 4γ
β2
I0(β)
{
I0(
βξ
R )
I0(β)
− 1
}]
for micropolar fluid, (25)
and vi(ξ , z, 0) = 0 = w(ξ, z, 0) (i = 1, 2). (26)
For the core region (0 ≤ ξ ≤ α), multiplying (19) by ξR and integrating with respect to ξ between the limits 0 and
ξ (0 ≤ ξ ≤ α) one finds,
v1(ξ , z, t) = ∂R
∂z
[
ξu1 − 2
ξ
∫ ξ
0
ξu1dξ
]
− R
ξ
∫ ξ
0
ξ
∂u1
∂z
dξ . (27)
This equation takes the following form by making use of the boundary conditions (21):∫ α
0
ξ
∂u1
∂z
dξ =
∫ α
0
ξ
[
−2
R
∂R
∂z
u1 + αR
(
α
∂R
∂z
u1α − v1α
)
f (ξ)
]
dξ (28)
where u1α = u1(ξ , z, t)|ξ=α = u2(ξ , z, t)|ξ=α
v1α = v1(ξ , z, t)|ξ=α = v2(ξ , z, t)|ξ=α.
Since the choice of f (ξ) is, of course, arbitrary, let f (ξ) be of the form f (ξ) = 4(ξ2−1)
α2(α2−2) satisfying
∫ α
0 ξ f (ξ)dξ = 1.
Taking the approximation of considering the equality between integrals to integrands, we have from (28)
∂u1
∂z
= −2
R
∂R
∂z
u1 + αR
(
α
∂R
∂z
u1α − v1α
)
4(ξ 2 − 1)
α2(α2 − 2) . (29)
Putting this value in (27) we get
v1(ξ , z, t) = ξ
[
∂R
∂z
u1 − (α
∂R
∂z u1α − v1α)(ξ 2 − 2)
α(α2 − 2)
]
. (30)
In a similar manner, for the plasma region (α ≤ ξ ≤ 1), multiplying (19) by ξR and integrating with respect to ξ between
the limits α and ξ (α ≤ ξ ≤ 1) and exploiting the boundary conditions (23), one finds
∂u2
∂z
= −2
R
∂R
∂z
u2 − 1R
(
αv2α − α2 ∂R
∂z
u2α − ∂R
∂t
)
4(ξ 2 − 1)
(α2 − 1)2 , (31)
and finally
v2(ξ , z, t) = ξ
[
∂R
∂z
u2 + 1
ξ 2
(
αv2α − α2 ∂R
∂z
u2α − ∂R
∂t
)
(ξ 2 − α2)(ξ 2 + α2 − 2)
(α2 − 1)2 +
α
ξ 2
(
v2α − α ∂R
∂z
u2α
)]
. (32)
Now from Eqs. (31) and (32) one can obtain
v2(ξ , z, t) = ξ
2 + 1
2ξ
[
∂R
∂z
u2 − R2
(
ξ 2 − 1
ξ 2 + 1
)
∂u2
∂z
+ 2
ξ 2 + 1
∂R
∂t
]
, (33)
which is another form of Eq. (32). By making use of Eq. (30), Eq. (16) takes the form
∂u1
∂t
= −∂p
∂z
+ T1(ξ , z, t) ∂u1
∂ξ
+ T2(ξ , z, t) ∂
2u1
∂ξ 2
− u1 ∂u1
∂z
+ 1
Re
∂2u1
∂z2
+ m
Re ξR
(
w + ξ ∂w
∂ξ
)
, (34)
and from (32) and (18), one must have
∂u2
∂t
= −∂p
∂z
+ T3(ξ , z, t) ∂u2
∂ξ
+ T2(ξ , z, t) ∂
2u2
∂ξ 2
− u2 ∂u2
∂z
+ 1
Re
∂2u2
∂z2
, (α ≤ ξ ≤ 1). (35)
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Also Eq. (17) can be written as
∂w
∂t
= T4(ξ , z, t) ∂w
∂ξ
+ T5(ξ , z, t) ∂
2w
∂ξ 2
− u1 ∂w
∂z
+ 1−m
M Re J
(∂2w
∂z2
− w
(ξR)2
)
+ (1−m) N
M Re J R
(
−2Rw + R∂v1
∂z
− ξ ∂R
∂z
∂v1
∂ξ
− ∂u1
∂ξ
)
, (36)
where
T1(ξ , z, t) = 1R2
[
ξR
∂R
∂t
+ ξR∂R
∂z
u1 − v1R+ 1Re
{1
ξ
+ 2ξ
(∂R
∂z
)2
− ξR∂
2R
∂z2
}]
,
T2(ξ , z, t) = 1Re
1
R2
{
1+
(
ξ
∂R
∂z
)2}
,
T3(ξ , z, t) = 1R2
[
ξR
∂R
∂t
+ ξR∂R
∂z
u2 − v2R+ 1Re
{1
ξ
+ 2ξ
(∂R
∂z
)2
− ξR∂
2R
∂z2
}]
,
T4(ξ , z, t) = 1R2
[
ξR
∂R
∂t
+ ξR∂R
∂z
u1 − v1R+ 1−mM Re J
{
1
ξ
+ 2ξ
(∂R
∂z
)2
− ξR∂
2R
∂z2
}]
,
T5(ξ , z, t) = 1−mM Re J R2
{
1+
(
ξ
∂R
∂z
)2}
.
(37)
5. Finite difference approximation
The finite difference scheme for solving Eqs. (34)–(36) is based on the central difference formula in order to transform
all the spatial derivatives in the following manner :
∂um
∂ξ
= (um)
k
i,j+1 − (um)ki,j−1
2∆
= (um)f ξ ,
∂2um
∂ξ 2
= (um)
k
i,j+1 − 2(um)ki,j + (um)ki,j−1
∆2
= (um)sξ ,
∂um
∂z
= (um)
k
i+1,j − (um)ki−1,j
2∆z
= (um)fz,
∂2um
∂z2
= (um)
k
i+1,j − 2(um)ki,j + (um)ki−1,j
(∆z)2
= (um)sz,
(38)
while the time derivatives are transformed by their forward difference approximations given by
∂um
∂t
= (um)
k+1
i,j − (um)ki,j
∆t
, (39)
where
∆ =
{
∆ξ form = 1,
∆ξ ′ form = 2. (40)
In a similar manner, we can discretize the derivatives for um, whenever necessary. Here um(ξ , z, t) is discretized to
um(ξj, zi, tk) and in turn, to (um)ki,j where we define ξj = (j − 1)∆ξ, (j = 1, 2, . . . ,Nc + 1) such that ξ(Nc + 1) = α
and ξj = [j− (Nc + 1)]∆ξ ′, (j = Nc + 1,Nc + 2, . . . ,N + 1) such that ξ(N + 1) = 1, zi = (i− 1)∆z, (i = 1, 2, . . . ,M + 1)
and tk = (k − 1)∆t, (k = 1, 2, . . .) for the entire arterial segment under study where ∆ξ,∆ξ ′ are the increments in the
radial direction for the core layer (0 ≤ ξ ≤ α) and for the plasma layer (α ≤ ξ ≤ 1) respectively while∆z is the increment
in the axial direction and∆t is the small time increment.
Using (38) and (39), Eqs. (34)–(36) may be written in their respective discretized forms as
(u1)k+1i,j = (u1)ki,j +∆t
[(
−∂p
∂z
)k
i
+ (T1)ki,j(u1)kf ξ + (T2)ki,j(u1)ksξ − (u1)ki,j(u1)kfz
+ 1
Re
(u1)ksz +
m
Re ξj Rki
(
(w)ki,j + ξj(w)kf ξ
)]
, (41)
(u2)k+1i,j = (u2)ki,j +∆t
[(
−∂p
∂z
)k
i
+ (T3)ki,j(u2)kf ξ + (T2)ki,j(u2)ksξ − (u2)ki,j(u2)kfz +
1
Re
(u2)ksz
]
(42)
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and
(w)k+1i,j = (w)ki,j +∆t
[
+(T4)ki,j(w)kf ξ + (T5)ki,j(w)ksξ − (u1)ki,j(w)kfz +
1−m
M Re J
{
(w)ksz −
(w)ki,j
ξj
2Rki
2
}
+ (1−m)N
M Re J Rki
{
−2Rki (w)ki,j + Rki (v1)kfz − ξj
(∂R
∂z
)k
i
(v1)
k
f ξ − (u1)kf ξ
}]
(43)
where the notations ( )i, ( )j and ( )k indicate that in the expressions z, ξ and t are replaced by zi, ξj and tk respectively and
Tp(ξ , z, t)’s appearing in the above equations are discretized to Tp(ξj, zi, tk) and in turn, to (Tp)ki,j (p = 1, 2, . . . , 5).
Also the prescribed conditions (20)–(26) have their finite difference representations, given by
(v1)
k
i,1 = 0 = (w)ki,1, (u1)ki,1 = (u2)ki,2, (44)
(u1)ki,Nc+1 = (u2)ki,Nc+1, (v1)ki,Nc+1 = (v2)ki,Nc+1, (45)
(u1)ki,Nc = (u1)ki,Nc+1 −
∆ξ
C
[
(u2)kf ξ + (1− a)Rki (v2)kfz −
(∂R
∂z
)k
i
{
aξjRki (u2)
k
fz + ξj(v2)kf ξ + a(v2)ki,j
}
− cRki (w)ki,j
]
, (46)
(u2)ki,N+1 = 0, (v2)ki,N+1 =
(∂R
∂t
)k
i
, (47)
(u2)1i,j = 2u¯2(1− ξ 2j ), (j = Nc + 1, ,Nc + 2, . . . ,N + 1), (48)
(u1)1i,j = 2u¯1
[
1− ξ 2j +
4γ
β2
I0(β)
{
I0(
βξj
R )
I0(β)
− 1
}]
, (j = 1, 2, . . . ,Nc + 1), (49)
and (vm)1i,j = 0, (m = 1, 2), w1i,j = 0 (50)
where a = µ1
µ2
, b = µ1+κ
µ2
, c = κ
µ2
and C = b− a
(
ξ ∂R
∂t
)2
.
The difference equations (41)–(43) are solved for u1, u2 and w by making use of the stated conditions (44)–(50)
throughout the arterial segment under consideration. After having obtained the axial flow velocity for both the central
core, the plasma and the microrotational velocity for the core region, the radial flow velocity for both the regions can be
calculated from Eqs. (30) and (33).
Now, with the help of the axial, radial and the microrotational velocity for both the core and plasma fluids, one can
easily determine the volumetric flow rate (Q), the resistive impedance(Λ) and the wall shear stress (τw) from the following
relations, given by
Q ki = 2pi(Rki )2
[∫ α
0
ξj(u1)ki,jdξj +
∫ 1
α
ξj(u2)ki,jdξj
]
(51)
Λki =
|L
(
∂p
∂z )
k
i |
Q ki
(52)
(τw)
k
i = a
{
(v1)i+1,Nc+1 − (v1)i−1,Nc+1
2(∆z)
− ξ(Nc + 1)
Rki
(∂R
∂z
)k
i
(v1)i,Nc+1 − (v1)i,Nc
∆ξ
}
+ b
Rki
{
(u1)ki,Nc+1 − (u1)ki,Nc
∆ξ
}
+ c(w)ki,Nc+1 +
{
(v2)i+1,N+1 − (v2)i−1,N+1
2(∆z)
− 1
Rki
(∂R
∂z
)k
i
(
(v2)i,N+1 − (v2)i,N
∆ξ ′
)}
+ 1
Rki
{
(u2)i,N+1 − (u2)i,N
∆ξ ′
}
. (53)
Finally, the expressions for the normalised flux (Q ′), resistance to flow (Λ′) and wall shear stress (τ ′w) are given as
Q ′ki = Q
k
i
(Qn)ki
,Λ′ki = Λ
k
i
(Λn)
k
i
, and τ ′ki = τ
k
i
(τn)
k
i
where Qn, Λn and τn are the flux, the resistance to flow and the wall shear stress respectively for the normal artery in the
absence of peripheral layer.
6. Numerical results and discussion
In this section we shall discuss the validity of the present updatedmodel by undertaking a specific numerical illustration
based on the exiting experimental data for the various physiological parameters encountered in the present analysis. For the
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Fig. 2. Variation of the dimensionless axial velocity with dimensionless radial distance at various dimensionless time (t); (◦, experimental results for
Bugliarello and Sevilla for 40% RBC containing blood; (—), prediction of Kang and Eringen’s model for 40% RBC containing blood in steady flow; (-X-X-X)
prediction of Akay and Kaye for α = 0.866, J = 0.75 at t = 2; (-o-), corresponding exact solution of Chaturani and Upadhya (Re = 300,M = 1,N =
1,m = 0.85, J = 0.001).
Fig. 3. Variation of the dimensionless spin (w) with dimensionless radial distance (ξ ) at various dimensionless time (t); (-o-), corresponding exact solution
given by Chaturani and Upadhya (Re = 300,M = 1,N = 1,m = 0.85, J = 0.001).
purpose of numerical computations of the desired quantities of major physiological significance, the following parameter
values have been used [8,26,27]:
d = 7, ∆z = 0.1, ∆ξ = 0.19, ∆ξ ′ = 0.005, L = 30, α = 0.95, Re = 300, M = 1,
m = 0.85, N = 1, J = 0.001, kr = 0.05, t = 5, ∆t = 0.0001.
The explicit finite difference scheme has been found to be quite effective in solving Eqs. (41)–(43) numerically for
different time periods. The computed results do appear to converge with an accuracy of 10−5 when the time step is chosen
to be ∆t = 0.0001. The grid size was standardized to solve the present problem as the matrix of the order of 300 × 60
in order to achieve the desired accuracy of the results. The computed results obtained by following the method mentioned
above for various physical quantities of major physiological significance are all exhibited through Figs. 2–7 in order to have
their estimates quantitatively.
The behaviour of the axial flow velocity profile of the two-layered fluidmodel characterised by themicropolar fluid in the
core region and Newtonian fluid in the peripheral region for different time periods and different peripheral layer thickness
corresponding to the constricted location (z = 14) of the artery are shown in Fig. 2. The curves are all found to be diminishing
from their maximum at the axis as one moves away from it and finally they approach their minimum values at the interface
between the central core and the plasma layers where the minimum core velocity merges completely with the velocity
of plasma followed by further diminishing to zero value on the wall surface. The velocity profile of the peripheral plasma
layer corresponding to the same critical site can be identified and distinguished from this figure. The curves do diminish
at a relatively high rate as one proceeds towards the arterial wall surface and eventually they approach a minimum value
(zero) on the wall surface. It may also be noted from the present figure that the flow velocity diminishes to some extent as
the peripheral layer thickness decreases. The present figure includes a comparative study of the present numerical results
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Fig. 4. Distribution of the rate of flow for different dimensionless time (t) (τm = 0.15R0, L0/L = 0.5, Re = 300, J = 0.001).
Fig. 5. Distribution of normalised resistance to flow for t = 5 at z = 14 (L0/L = 0.5).
Fig. 6. Distribution of normalised wall shear stress for t = 5 at z = 14 (L0/L = 0.5).
with the corresponding steady flow solutions obtained by Akay and Kaye [10] and Kang and Eringen [23]. The experimental
results of Bugliarello and Sevilla [8] for 40% RBC containing blood are also reproduced here for the purpose of comparison.
One may observe from this figure that the present results appear to come closer to those of [10] and [23] to some extent for
α = 0.95 at t = 8which, however, deviate considerably at t = 5. Thus the effect of unsteadiness on the flow velocity profile
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Fig. 7. Variation of the wall shear stress (τw)with dimensionless time (t) for different Re (M = 1,N = 1,m = 0.85, J = 0.001).
can be estimated quantitatively. The influence of the peripheral layer thickness on the velocity profile of the streaming blood
can also be estimated similarly. Our results are also in good agreement with the experimental results [8] in the sense that
the experimental results arewell within the range of the present computed values as shown in the figure. Besides the results
based on numerical approach, the exact results obtained by Chaturani and Upadhya [26] are also plotted in this figure in
order to have a glimpse of the accuracy of the velocity profile. Studying all the results of the present figure onemay conclude
that both the peripheral layer thickness and flow unsteadiness affect the axial velocity profile significantly and hence they
deserve to be dealt with special attention in modeling analysis.
The results of Fig. 3 depict the profiles of the microrotational velocity of the fluid or of spin (w) at various dimensionless
times (t) with different peripheral layer thickness at a specific location of z = 14 corresponding to stenotic region. It is
interesting to note from Fig. 3 that the maximum spin does not appear at the interface when the peripheral layer thickness
diminishes and this observation is in good agreement with Akay and Kaye [10]. Thus the peripheral layer thickness affects
the spin profile of themicropolar fluid significantly and hence the contribution of this biophysical parameter should be given
proper importance in updating the model.
Fig. 4 exhibits the distribution of the flow rate over the entire stenosed arterial segment for three different time periods.
The flow rate curves following the outline of the stenosis appear to diminish at the onset of the stenosis until the maximum
constriction site and thereafter increase downstream symmetrically along the diverging section of the stenosis, that is,
the flow rate curves become perfectly symmetrical about the critical region (z = 14) of maximum narrowing only in the
constricted region for all times. The present figure also includes two more curves–one for the single layer micropolar flow
and other by considering the different peripheral layer thickness. It may be recorded that if the flowing blood is treated to be
a single-layeredmicropolar fluid, the rate of flow is reduced considerably and the effect thus obtained can be easily estimated
by comparing the relevant curves of the present figure with distinguishable marks. One may also notice the behaviour of
the flow rate for increasing peripheral layer thickness that the flux distribution keeps on increasing throughout the arterial
segment under consideration. Analysing all the results of the present figure one may note that the flow unsteadiness, the
two-phase fluid and the peripheral layer thickness do influence the flow rate significantly.
For the sake of undertaking a comparative study with existing ones in order to substantiate the validity of the present
theoretical analysis, some more normalised critical results forΛ′, τ ′w (defined in Section 5) with a variance of stenosis size
( τmR0 ) have been plotted in Figs. 5 and 6.
The plots of Fig. 5 indicate the effect of severity as well as the length of the stenosis on the distribution of the normalised
resistive impedances (Λ′) over the specific range of the stenosis size τmR0 at the same critical location of z = 14 at t = 5. One
may notice that the resistance to flow increases inmagnitude to a considerable extentwith increasing stenosis size from 0 to
0.2. Itmay also benoted that themagnitudes of the resistance to flow, under given set of conditions decreaseswith increasing
length of the stenosis and increases with increasing stenosis size. These are in good agreement qualitatively with those of
Srivastava and Saxena [12]who studied two-layered one-dimensionalmodel of steady blood flow consisting of a core region
assumed to be Casson fluid and a peripheral layer of plasma as a Newtonian fluid. Moreover, comparisons have also been
madewith the existing results of Srivastava [28] and Young [29] as well who respectively studied two-phasemodel of blood
flow in the presence of a peripheral layer and one-dimensional model of blood flow in the absence of peripheral layer. The
detailed study of the curves of the present figure reveals that the present results agree both qualitatively and quantitatively
well with the existing results. The deviation of the results thus obtained may be responsible for additional modification
of the present model in terms of flow unsteadiness, nonlinearity and micropolar fluid idealisation of the streaming blood.
Here too, the influence of the peripheral layer on the resistive impedance appears to be significant which can be measured
quantitatively through direct comparison of the relevant curves of the present figure.
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Fig. 6 of the present paper illustrates the effects of peripheral layer thickness on the normalised wall shear stress (τ ′w)
plotted for various stenosis size τmR0 corresponding to the critical location of z = 14 at t = 5. The notable feature is that the
upward trend of the curves indicates the enhancement of the stress due to the increase of the severity of the stenosis for all
the cases shown in this figure. This in turn, can be stated as the more the severity of the stenosis, the more the wall shear
stress. These features once again are in good agreement with those of Srivastava and Saxena [12] whose studies were based
on one-dimensional model of blood flow in rigid arteries under steady state condition. One important observation may be
recorded from the present figure is that the wall shear stress enhances largely with a little increase of the peripheral layer
thickness and hence peripheral layer thickness sensitivity of the flow phenomenon can be established.
Finally, the pulsatile nature of the wall shear stress (τw) has been captured in the concluding Fig. 7 at the very specific
location (z = 14) of the constricted arterial segment for different Reynolds numbers. The undulating nature of the stress
curves remains invariant over the entire span of time but they appear to diminish consistently in the negative sense with
the increasing Reynolds numbers from 300 to 1000. The notable feature is that thewall shear stress is compressive in nature
and hence the downward trend of the curves away from the origin indicates the stress enhancement due to the increase of
the Reynolds number.
7. Concluding remarks
The significance of considering any improved mathematical model such as the present one can now be completely
understood from the above mentioned discussion. The resistive impedance and the wall shear stress are some of the
physiologically relevant factors which have been evaluated numerically in the present paper other than the velocity profile
of the blood stream. Studying the present quantitative analysis, it may be remarked that the resistance to flow and the wall
shear stress increases in the case of two-layeredmicropolarmodel compared to single layer Newtonianmodel, and therefore
one can conclude that the presence of peripheral layer is of major physiological significance regarding the functioning of the
diseased arterial system. These observations agree quantitatively well with those of existing results asmentioned above and
hence the applicability of the present model is well validated. It is believed that the present updated model would certainly
be of considerable interest in the physiological problems involving the flow of micropolar fluid through stenosed arteries in
more complex situations.
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